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Abstract 
Development and Application of Elliptic Blending Lag Standard and Wall-Distance-Free 𝑘𝑘 − 𝜔𝜔 
SST Turbulence Models 
By 
Wenjie Shang 
Master of Science in Mechanical Engineering 
Washington University in St. Louis, 2020 
Research Advisor: Professor Ramesh K. Agarwal 
 In recent decades, Computational Fluid Dynamics (CFD) has become the most widely used 
technology to understand the fundamental complex fluid dynamics of turbulent flows as well as 
for modeling of turbulent flows in industrial applications. In industrial applications, the widely 
used methodology is to solve Reynolds-Average Navier-Stokes Equations (RANS) equations in 
conjunction with a turbulence model since it strikes a balance between accuracy and 
computational cost compared to other high fidelity approaches namel the large Eddy Simulation 
(LES) and Direct Numerical Simulation (DNS), There are large number of turbulence models 
proposed in past five decades, majority of them are linear eddy viscosity models based on the 
Boussinesq’s hypothesis. Among these, the one equation Spalart-Allmaras (SA) and Wray –
Agarwal (WA) model and two equations k-ε, k-ω and SST k-ω are most popular. Most of these 
models suffer from two drawbacks: (1) they have stress strain misalignment in the near wall 
region due to Boussinesq’s hypothesis and (2) they contain wall distance as a parameter in the 
model which can introduce error in case of complex boundaries especially with use of 
unstructured grids. The goal of this thesis is to address these two drawbacks in the standard k-ω 
SST model. The first issue is addressed by combining the k-ω SST model with elliptic blending 
 vii 
 
lag equation to correct the stress strain misalignment and the second issue is addressed by 
developing a wall distance free k-ω SST model. The newly developed models are validated on 
several benchmark test cases given on NASA Turbulence Modeling Resource (TMR) website for 
both external and internal wall bounded flows with small regions of separation. The 
computations show that both models can provide better agreement with the experimental data 
compared to the original k-ω SST model.
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Chapter 1: Introduction 
1.1   Background and Motivation 
Turbulent flows are most prevalent flow phenomenon both in nature and everyday life. 
Many industrial and consumer products involve fluids. However, prediction of turbulent flows 
has remained one of the most difficult problems in classical physics for more than a century 
using the fundamental equations of fluid dynamics, namely the Navier-Stokes equations. Since 
the advent of modern computer, there has been tremendous progress in solving the Navier-Stokes 
equations using the tools of Computational Fluid Dynamics (CFD) developed over past five 
decades.  Currently, there are three approaches that are used for solving the turbulent flows. The 
most accurate method is the Direct Numerical Simulation (DNS) of Navier-Stokes equations 
which does not require any approximation or modeling. In principle, this approach can solve the 
Navier-Stokes equations numerically for all spatial and temporal scales of turbulence. However, 
the computational cost required by DNS increases as a function of Reynolds number as O 
(𝑅𝑅𝑅𝑅9/4), which limits its use to simple geometries and low Reynolds number even on the biggest 
computers currently available. To address this difficulty with DNS, Large Eddy Simulation (LES) 
has been proposed where the small eddies are modeled by employing the approach first put 
forward by Smagorinsky in 1963 (Smagorinsky, 1963). The key idea behind LES is to reduce the 
computational demand of simulation by using a low-pass filter in the Navier-Stokes equations to 
filter the computationally-expensive small scales from the governing equations and model the 
small eddies by the Smagorinsky model. LES sacrifices some accuracy relative to DNS but 
makes it possible to simulate relatively high Reynolds flows with good accuracy and provides 
more detailed structure of the flow field. At present, for complex 3D industrial applications,   
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Reynolds-Averaged Navier-Stokes (RANS) equations are most widely used for solving turbulent 
flows at high Reynolds numbers since they strike a balance between computational cost and 
accuracy. RANS equations are obtained from Navier-Stokes equations by decomposing each 
flow quantity into a mean and a fluctuating part. Substituting the decomposed flow variables into 
the Navier-Stokes equations and time-averaging them, RANS equations are obtained. However, 
the time-averaging of Navier-Stokes equations results in the unknown turbulent or the so called 
‘Reynolds stresses,’ which leads to a closure problem for the RANS equations. To close the 
RANS equations, Reynold stresses are modeled; the modeling of Reynolds stresses is called 
‘Turbulence Modeling.’ Over a century, a large number of turbulence models have been 
developed with varying degree of complexity; however none of the models is universal and is 
applicable to all categories of turbulent flows. As a result, turbulence modeling remains a pacing 
item in CFD to this day.  The objective of research in this thesis is to consider one of the most 
widely used two-equation turbulence model, namely the k-ω SST model and improve its 
accuracy by adding an elliptic blending lag equation and test it by computing a wide variety of 
benchmark turbulent flows. Additional goal is to develop a wall distance free formulation of 
elliptic blending lag k-ω SST model. 
1.2   Scope of the Thesis 
The goal of this thesis can be divided into two parts: (1) modify the lag transport equation 
originally developed for 𝑘𝑘 − 𝜖𝜖  model and combine it with 𝑘𝑘 − 𝜔𝜔  SST model to improve the 
performance of 𝑘𝑘 − 𝜔𝜔 SST model and (2) introduce lag transport equation to 𝑘𝑘 − 𝜔𝜔 SST model 
with wall-distance-free formulation to improve the performance of wall-distance-free version 
𝑘𝑘 − 𝜔𝜔 SST model. 
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A brief summary of each chapter and its content is given below: 
Chapter 2: Turbulence Modeling: In this chapter, turbulent flow and turbulence 
modeling are introduced. The most widely used two-equation model, 𝑘𝑘 − 𝜔𝜔 SST model is briefly 
described. Then, two improvements to the model, the lag equation and the Wall-Distance-Free 
(WDF) Formulation, are described. 
Chapter 3: The Elliptic Blending Lag 𝒌𝒌 −𝝎𝝎 SST Model: This chapter introduces the 
integration of lag equation with 𝑘𝑘 − 𝜔𝜔 SST model. The newly developed model, which is called 
LAGSST, is tested on several validation and verification cases from NASA TMR. (NASA 
Langeley Research Center Turbulence Modeling Resource, 2020) 
Chapter 4: The Elliptic Blending Wall-Distance-Free Lag 𝒌𝒌 −𝝎𝝎 SST Model: This 
chapter describes the performance of the combination of lag equation with standard 𝑘𝑘 − 𝜔𝜔 SST 
model and wall-distance-free 𝑘𝑘 − 𝜔𝜔  SST model. The integrated model, which is called 
LAGWDF, is employed for computing several test cases to show the improvement in prediction 
performance, compared to the original wall-distance-free 𝑘𝑘 − 𝜔𝜔 SST model. 
Chapter 5: Summary: This chapter provides the summary of all the results and the 
prediction capability of the newly developed models.  
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Chapter 2: Turbulence Modeling 
2.1   Introduction to Turbulent Flow 
In laminar flow, the flow is governed by the Stokes’ hypothesis for viscous stresses and 
every fluid moves along a smooth path. There are a limited number of flows in nature and 
industrial application which are truly laminar. Reynolds number in laminar flow is usually very 
small of O (1). In large Reynolds number flows, the fluid inertia plays an important role. The 
flows experience fluctuations both in space and time. They are called turbulent flow. Turbulent 
flows are prevalent in nature and in everyday used devices and products that involve fluid flow, 
e.g. the flow past a moving vehicle and flow in municipal water, gas and sewer systems. 
2.2   Turbulence Modeling 
2.2.1   Introduction 
The prediction of the behavior of a moving fluid is governed by the Navier-Stokes (NS) 
Equations, which are highly nonlinear, and it is not possible to obtain the analytical solution 
except for a few simple laminar flow cases. In past several decades, there has been tremendous 
progress in computing power and now it is possible to solve the Navier-Stokes equations 
numerically. However, there are still major limitations in obtaining the numerical solutions of 
Navier-Stokes equations from first principles at high Reynolds numbers. There are currently 
three approaches for solving the Navier-Stokes equations for turbulent flows, namely the Direct 
Numerical Simulation (DNS), Large Eddy Simulation (LES) and Reynolds-Averaged Navier- 
Stokes (RANS) Equations. DNS does not require any modeling but is currently limited to low 
Reynolds numbers and simple geometries because of limitations of computing power even on the 
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biggest supercomputers. LES requires modeling the small eddies only and therefore is 
increasingly being used but still is very expensive for industrial appplications. At present, RANS 
equations are most widely used in computation of industrial flows due to low computational 
resources requirements to obtain solutions of acceptable accuracy. 
In RANS modeling, the stochastic fluctuating flow quantities in turbulent flow are time- 
averaged. However, the time averaging of Navier-Stokes equations results in the so called 
Reynolds Stresses, which are unknown. This is called the closure problem with RANS equations. 
Reynolds Stresses require modeling; the modeling of the Reynolds Stress tensor is called 
turbulence modeling. The focus of this thesis is on the improvement of the accuracy of a widely 
used turbulence model known as the 𝑘𝑘 − 𝜔𝜔 SST model below. 
2.2.2 k−𝝎𝝎 SST Model 
Menter’s 𝑘𝑘 − 𝜔𝜔  SST turbulence model (Menter, 1994) is widely used two-equation 
model for RANS equations. It combines the 𝑘𝑘 − 𝜔𝜔   turbulence model and 𝑘𝑘 − 𝜀𝜀  turbulence 
model to achieve better accuracy and robustness. The 𝑘𝑘 − 𝜔𝜔 model is used in the inner region of 
sublayer where Reynold number is low and therefore no extra damping functions are needed. 
The SST model can switch to 𝑘𝑘 − 𝜀𝜀 model for fully turbulent part in the free-stream because 
𝑘𝑘 − 𝜀𝜀 model is more accurate in capturing free-stream turbulence. 
The transport equations of  𝑘𝑘 − 𝜔𝜔 SST model are given by: 
                                  𝜕𝜕𝑘𝑘
𝜕𝜕𝜕𝜕
+ 𝑈𝑈𝑗𝑗 𝜕𝜕𝑘𝑘𝜕𝜕𝜕𝜕𝑗𝑗 = 𝑃𝑃 − 𝛽𝛽∗𝑘𝑘𝜔𝜔 + 𝜕𝜕𝜕𝜕𝜕𝜕𝑗𝑗 �(𝜐𝜐 + 𝜎𝜎𝑘𝑘𝜐𝜐𝑇𝑇) 𝜕𝜕𝑘𝑘𝜕𝜕𝜕𝜕𝑗𝑗�                                                (2.1) 
           𝜕𝜕𝜔𝜔
𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑢𝑢𝑗𝑗𝜔𝜔
𝜕𝜕𝜕𝜕𝑗𝑗
= 𝛾𝛾
𝜈𝜈𝑡𝑡
𝑃𝑃 − 𝛽𝛽𝜔𝜔2 + 𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗
�(𝜐𝜐 + 𝜎𝜎𝜔𝜔𝜐𝜐𝑇𝑇) 𝜕𝜕𝜔𝜔𝜕𝜕𝜕𝜕𝑗𝑗� + 2(1 − 𝐹𝐹1) 𝜎𝜎𝜔𝜔2 1𝜔𝜔 𝜕𝜕𝑘𝑘𝜕𝜕𝜕𝜕𝑗𝑗 𝜕𝜕𝜔𝜔𝜕𝜕𝜕𝜕𝑗𝑗                   (2.2) 
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where 
𝑃𝑃 = 𝜏𝜏𝑖𝑖𝑗𝑗 𝜕𝜕𝑢𝑢𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗  
𝜏𝜏𝑖𝑖𝑗𝑗 = 𝜈𝜈𝑡𝑡 �2𝑆𝑆𝑖𝑖𝑗𝑗 − 23𝜕𝜕𝑢𝑢𝑘𝑘𝜕𝜕𝜕𝜕𝑘𝑘 𝛿𝛿𝑖𝑖𝑗𝑗� − 23 𝑘𝑘𝛿𝛿𝑖𝑖𝑗𝑗  
𝑆𝑆𝑖𝑖𝑗𝑗 = 12�𝜕𝜕𝑢𝑢𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗 + 𝜕𝜕𝑢𝑢𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗�  
the turbulent eddy viscosity is given by: 
𝜈𝜈𝑡𝑡 = 𝑎𝑎1𝑘𝑘max(𝑎𝑎1𝜔𝜔,Ω𝐹𝐹2) #(2.3)  
where Ω is the magnitude of the vorticity  
Each of the constant is a blend of an inner variable denoted by subscript (1) and outer 
variable denoted by subscript (2) given by: 
𝜙𝜙 = 𝐹𝐹1𝜙𝜙1 + (1 − 𝐹𝐹1)𝜙𝜙2  
where the constants are represented by 𝜙𝜙1 and 𝜙𝜙2, respectively.  
The remaining functions are given by the following equations: 
𝐹𝐹1 = 𝜕𝜕𝑎𝑎𝑡𝑡 ℎ(𝑎𝑎𝑎𝑎𝑎𝑎14)          
arg1 = 𝑚𝑚𝑚𝑚𝑡𝑡 �𝑚𝑚𝑎𝑎𝜕𝜕 � √𝑘𝑘𝛽𝛽∗𝜔𝜔𝜔𝜔 , 500𝜈𝜈𝜔𝜔2𝜔𝜔 � , 4𝜌𝜌𝜎𝜎𝜔𝜔2𝑘𝑘𝐶𝐶𝐷𝐷𝑘𝑘𝜔𝜔𝜔𝜔2�  
𝐶𝐶𝐷𝐷𝑘𝑘𝜔𝜔 = max�2𝜌𝜌𝜎𝜎𝜔𝜔2 1𝜔𝜔  𝜕𝜕𝑘𝑘𝜕𝜕𝜕𝜕𝑗𝑗 𝜕𝜕𝜔𝜔𝜕𝜕𝜕𝜕𝑗𝑗 , 10−20 �  
𝐹𝐹2 = 𝜕𝜕𝑎𝑎𝑡𝑡 ℎ(𝑎𝑎𝑎𝑎𝑎𝑎22)  
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𝑎𝑎𝑎𝑎𝑎𝑎2 = 𝑚𝑚𝑎𝑎𝜕𝜕 �2 √𝑘𝑘𝛽𝛽∗𝜔𝜔𝜔𝜔 , 500𝜈𝜈𝜔𝜔2𝜔𝜔 �  
The term P in the k-equation is replaced by: 
min (𝑃𝑃, 20𝛽𝛽∗𝜌𝜌𝜔𝜔𝑘𝑘) 
The model constants are given as follows: 
𝛾𝛾1 = 𝛽𝛽1𝛽𝛽∗ − 𝜎𝜎𝜔𝜔1𝜅𝜅2�𝛽𝛽∗ ,          𝛾𝛾2 = 𝛽𝛽2𝛽𝛽∗ − 𝜎𝜎𝜔𝜔2𝜅𝜅2�𝛽𝛽∗  
𝜎𝜎𝑘𝑘1 = 0.85,          𝜎𝜎𝜔𝜔1 = 0.5,          𝛽𝛽1 = 0.075 
𝜎𝜎𝑘𝑘2 = 1.0,         𝜎𝜎𝜔𝜔2 = 0.856,          𝛽𝛽2 = 0.0828 
𝛽𝛽∗ = 0.09,          𝜅𝜅 = 0.41,          𝑎𝑎1 = 0.31 
2.2.3 Wray-Agarwal (WA) Turbulence Model 
 Another recently developed one-equation turbulence model which has similar behavior 
near the wall and the free-stream as the 𝑘𝑘 − 𝜔𝜔 SST model is Wray-Agarwal model described 
below. The WA (Wray & Agarwal, 2015) one-equation turbulence model was first proposed by 
Wray and Agarwal based on 𝑘𝑘 − 𝜔𝜔 closure. The model solves for the variable 𝑅𝑅 = 𝑘𝑘/𝜔𝜔 and its 
transport equation is given by: 
                                𝜕𝜕𝑅𝑅
𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑢𝑢𝑗𝑗𝑅𝑅
𝜕𝜕𝜕𝜕𝑗𝑗
= 𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗
�(𝜎𝜎𝑅𝑅𝑅𝑅 + 𝜈𝜈) 𝜕𝜕𝑅𝑅𝜕𝜕𝜕𝜕𝑗𝑗� + 𝐶𝐶1𝑅𝑅𝑆𝑆 + 𝑓𝑓1𝐶𝐶2𝑘𝑘𝑘𝑘 𝑅𝑅𝑆𝑆 𝜕𝜕𝑅𝑅𝜕𝜕𝜕𝜕𝑗𝑗 𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑗𝑗                        
                                    −(1 − 𝑓𝑓1)𝑚𝑚𝑚𝑚𝑡𝑡 �𝐶𝐶2𝑘𝑘𝜔𝜔𝑅𝑅2 �𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑗𝑗 𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑗𝑗𝑆𝑆2 � ,𝐶𝐶𝑚𝑚 𝜕𝜕𝑅𝑅𝜕𝜕𝜕𝜕𝑗𝑗 𝜕𝜕𝑅𝑅𝜕𝜕𝜕𝜕𝑗𝑗�                                          (2.4) 
The turbulent eddy viscosity is given by:                                                                                      𝜇𝜇𝑡𝑡 = 𝜌𝜌𝑓𝑓𝜇𝜇𝑅𝑅                                                                    (2.5) 
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where 𝜌𝜌 is the density, and S is the magnitude of the strain rate: 
𝑆𝑆 = �2𝑆𝑆𝑖𝑖𝑗𝑗𝑆𝑆𝑖𝑖𝑗𝑗 , 𝑆𝑆𝑖𝑖𝑗𝑗 = 12�𝜕𝜕𝑢𝑢𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗 + 𝜕𝜕𝑢𝑢𝑗𝑗𝜕𝜕𝜕𝜕𝑖𝑖�  
To ensure that there is no division by zero, S is bounded by: 
 𝑆𝑆 = max(𝑆𝑆, 10−16𝑆𝑆−1)  
The damping function 𝑓𝑓𝜇𝜇 is used to account for wall blocking: 
 𝑓𝑓𝜇𝜇 = 𝜒𝜒3𝜒𝜒3 + 𝐶𝐶𝜔𝜔3  ,     𝜒𝜒 = 𝑅𝑅𝜈𝜈   
The kinematic viscosity 𝜈𝜈 is defined as 𝜇𝜇/𝜌𝜌. The switching function 𝑓𝑓1 is defined by: 
𝑓𝑓1 = tanh(𝑎𝑎𝑎𝑎𝑎𝑎14),   𝑎𝑎𝑎𝑎𝑎𝑎1 = 𝜈𝜈 + 𝑅𝑅2 𝜂𝜂2𝐶𝐶𝜇𝜇𝑘𝑘𝜔𝜔  
where 
𝑘𝑘 = 𝜈𝜈𝑡𝑡𝑆𝑆
�𝐶𝐶𝜇𝜇
  
𝜔𝜔 = 𝑆𝑆
�𝐶𝐶𝜇𝜇
  
𝜂𝜂 = 𝑆𝑆max �1, �𝑊𝑊
𝑆𝑆
��  
𝑊𝑊 = �2𝑊𝑊𝑖𝑖𝑗𝑗𝑊𝑊𝑖𝑖𝑗𝑗 ,    𝑊𝑊𝑖𝑖𝑗𝑗 = 12�𝜕𝜕𝑢𝑢𝑖𝑖𝜕𝜕𝜕𝜕𝑗𝑗 − 𝜕𝜕𝑢𝑢𝑗𝑗𝜕𝜕𝜕𝜕𝑖𝑖�  
where W is the magnitude of vorticity. The model constants are:  
𝐶𝐶1𝑘𝑘𝜔𝜔 = 0.0829,    𝐶𝐶1𝑘𝑘𝑘𝑘 = 0.1284  
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𝐶𝐶1 = 𝑓𝑓1(𝐶𝐶1𝑘𝑘𝜔𝜔 − 𝐶𝐶1𝑘𝑘𝑘𝑘) + 𝐶𝐶1𝑘𝑘𝑘𝑘  
𝜎𝜎𝑘𝑘𝑘𝑘 = 0.72,    𝜎𝜎𝑘𝑘𝑘𝑘 = 1.0  
σ𝑅𝑅 = 𝑓𝑓1(σ𝑘𝑘𝜔𝜔 − σ𝑘𝑘𝑘𝑘) + σ𝑘𝑘𝑘𝑘 
𝐶𝐶2𝑘𝑘𝜔𝜔 = 𝐶𝐶1𝑘𝑘𝜔𝜔𝜅𝜅2 + 𝜎𝜎𝑘𝑘𝑘𝑘,    𝐶𝐶2𝑘𝑘𝑘𝑘 = 𝐶𝐶1𝑘𝑘𝑘𝑘𝜅𝜅2 + 𝜎𝜎𝑘𝑘𝑘𝑘  
𝜅𝜅 = 0.41,    𝐶𝐶𝜔𝜔 = 8.54  
𝐶𝐶𝜇𝜇 = 0.09,    𝐶𝐶𝑚𝑚 = 8.0 
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Chapter 3: The Elliptic Blending Lag 𝒌𝒌 − 𝝎𝝎 
SST Model 
3.1   Introduction 
Due to the availability of significant computing resources, more complex turbulence 
models have been built in recent years to improve the accuracy of predictions with RANS 
equations. In conjunction with the current RANS models, a lag equation was proposed by several 
researchers in order to correct the stress-strain misalignment caused by Boussinesq’s 
approximation. However, it was found that it was difficult to combine lag transport equation with 
two-equation models since the lag equation is based on a high-Reynolds number formulation, 
which is not applicable in near-wall region.  
 Lardue and Billard (Lardeau & Billard, 2016) extended the work on lag model of Ravel 
et al. (Revell, Craft, & Laurence, 2010) and combined it with elliptic blending developing the 
‘Elliptic Blending Lag 𝑘𝑘 − 𝜀𝜀 model’ to successfully employ the lag equation with a two-equation 
model in order to improve the accuracy. Following the Lardue’s approach (Lardeau & Billard, 
2016), Biswas et al. (Biswas, Durbin, & Medic, 2019) developed the ‘Elliptic Blending Lag 
𝑘𝑘 − 𝜔𝜔 model’, which improved the predication of mildly separated flow. 
This chapter extends the work of Biswas et al. to develop the Elliptic Blending Lag 
𝑘𝑘 − 𝜔𝜔 SST model (LAGSST). The newly developed model is tested on several validation and 
verification cases from NASA TMR website, (NASA Langeley Research Center Turbulence 
Modeling Resource, 2020) e.g., flow in a 2D channel and flow past an asymmetric hill. The 
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results show that the LAGSST gives significantly more accurate results than the original 𝑘𝑘 − 𝜔𝜔 
SST model. 
3.2 The Elliptic Blending Lag 𝒌𝒌 − 𝝎𝝎 SST Model 
Since 𝑘𝑘 − 𝜔𝜔 model and 𝑘𝑘 − 𝜔𝜔 SST model share almost the same variables except some 
values in their parameters, we could easily employ the Biswas et al.’s lag equation for 𝑘𝑘 − 𝜔𝜔 
model to 𝑘𝑘 − 𝜔𝜔 SST model with some tuning of the parameters. The final lag equations are 
given below: 
             𝐷𝐷𝜑𝜑∗
𝐷𝐷𝜕𝜕
= −(1 − 𝛼𝛼3)𝐶𝐶𝑘𝑘∗ 𝜑𝜑∗𝛽𝛽∗𝜔𝜔 − 𝛼𝛼3 �?̅?𝐶1 + 𝐶𝐶1∗ 𝑃𝑃𝛽𝛽∗𝜔𝜔𝑘𝑘�𝜑𝜑∗𝜔𝜔𝑅𝑅1 − 𝐶𝐶𝑝𝑝1 𝑃𝑃𝑘𝑘 𝜑𝜑∗ + 𝛼𝛼3𝐶𝐶𝑝𝑝2𝜑𝜑∗𝑆𝑆
+ 𝛼𝛼3𝐶𝐶𝑝𝑝3 𝑅𝑅2𝜔𝜔𝜑𝜑ℎ + 𝛼𝛼3 𝛽𝛽∗𝜔𝜔𝜑𝜑ℎ 𝜏𝜏𝑠𝑠2�𝐶𝐶4∗𝑎𝑎𝑖𝑖𝑘𝑘𝑆𝑆𝑘𝑘𝑗𝑗 − 𝐶𝐶5∗𝑎𝑎𝑖𝑖𝑘𝑘𝑊𝑊𝑘𝑘𝑗𝑗�𝑆𝑆𝑖𝑖𝑗𝑗 
                                               + 𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗
��𝜈𝜈 + 𝜈𝜈𝑡𝑡
𝜎𝜎𝜔𝜔
�
𝜕𝜕𝜔𝜔
𝜕𝜕𝜕𝜕𝑗𝑗
�                                                                                 (3.1) 
                                                                                 
where  𝑎𝑎𝑖𝑖𝑗𝑗 is given by: 
𝑎𝑎𝑖𝑖𝑗𝑗 = −2 𝜈𝜈𝑡𝑡𝑘𝑘 �𝑆𝑆𝑖𝑖𝑗𝑗 + 𝛽𝛽2 2�𝑆𝑆𝑖𝑖𝑘𝑘𝑊𝑊𝑘𝑘𝑗𝑗 −𝑊𝑊𝑖𝑖𝑘𝑘𝑆𝑆𝑘𝑘𝑗𝑗�|(𝑆𝑆𝑘𝑘𝑘𝑘 + 𝑊𝑊𝑘𝑘𝑘𝑘)(𝑆𝑆𝑘𝑘𝑘𝑘 + 𝑊𝑊𝑘𝑘𝑘𝑘)|�  
The ellipticity is introduced into the lag equation by defining 𝛼𝛼 as: 
                                                                𝛼𝛼 − 𝐿𝐿2∇2𝛼𝛼 = 1                                                                         (3.2)  
where turbulence length scale term L is given by: 
𝐿𝐿2 = 𝐶𝐶𝐿𝐿2 � 𝑘𝑘3(𝛽𝛽∗𝜔𝜔𝑘𝑘)2 + 𝐶𝐶𝜂𝜂2� 𝜈𝜈3𝛽𝛽∗𝜔𝜔𝑘𝑘�  
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Other terms are defined as: 
𝐶𝐶𝑝𝑝3 = 1.7, 𝑚𝑚𝑓𝑓 𝛼𝛼𝜂𝜂 < 10 = 0.64， 𝑜𝑜𝜕𝜕ℎ𝑅𝑅𝑎𝑎𝑒𝑒𝑚𝑚𝑒𝑒𝑅𝑅 
𝜏𝜏𝑠𝑠
2 = 0,   𝑚𝑚𝑓𝑓|𝑆𝑆|2 < 10−8 
= 1|𝑆𝑆|2 ,   𝑜𝑜𝜕𝜕ℎ𝑅𝑅𝑎𝑎𝑒𝑒𝑚𝑚𝑒𝑒𝑅𝑅 
𝛽𝛽2 = 2 − 2𝐶𝐶5𝐶𝐶1 + 𝐶𝐶1∗ + 1 
The turbulent eddy viscosity in 𝑘𝑘 − 𝜔𝜔 SST model changes to: 
                                                    𝜈𝜈𝑡𝑡 = 𝑎𝑎1𝑘𝑘max(𝜑𝜑∗𝑎𝑎1𝜔𝜔, Ω𝐹𝐹2)                                                                       (3.3) 
The model constants are: 
𝛽𝛽∗ = 0.09    𝜎𝜎𝑘𝑘 = 2  𝛽𝛽 = 0.075  
𝜎𝜎𝜔𝜔 = 2  𝐶𝐶𝑊𝑊∗ = 0.05  𝐶𝐶1� = 1.6 
𝐶𝐶1
∗ = 0.9  𝐶𝐶𝑝𝑝1 = 0.12  𝐶𝐶𝑝𝑝2 = 0.46 
𝜑𝜑ℎ = 0.41  𝐶𝐶4∗ = 3.41  𝐶𝐶5∗ = 7.27 
𝜎𝜎𝜑𝜑 = 1 𝐶𝐶𝐿𝐿 = 0.164  𝐶𝐶𝜂𝜂 = 75 
𝐶𝐶1 = 1.7  𝐶𝐶5 = 0.2  𝑅𝑅1 = 0.027  𝑅𝑅2 = 0.18 
3.3 Validation Cases 
The Elliptic Blending Lag 𝑘𝑘 − 𝜔𝜔 SST (LAGSST) model is validated by applying it on 
several benchmark test cases from NASA TMR website (NASA Langeley Research Center 
Turbulence Modeling Resource, 2020), including flow past a flat plate, flow in a 2D channel at 
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different Reynolds number, flow past a backward facing step, flow past a curved step, flow in a 
diffuser and flow past a periodic hill. The results are compared with those obtained from the 
original Menter’s 𝑘𝑘 − 𝜔𝜔 SST (SST) model and experimental data where available. 
3.2.1 Zero-Pressure Gradient Boundary-Layer Flow past a Flat Plate 
Flow past a zero-pressure gradient flat plate is the most common test case to validate the 
accuracy and performance of turbulence models. Figure 1 shows the geometry and the boundary 
conditions from NASA TMR (2D Zero pressure gradient flat plate, 2019). The Mach number for 
this case at inlet is 0.2 and the Reynolds number 𝑅𝑅𝑅𝑅𝜕𝜕 = 5 million when  𝜕𝜕 = 1 and the Reynolds 
number in x direction is given by following equation: 
𝑅𝑅𝑅𝑅𝜕𝜕 = 𝑈𝑈∞𝜕𝜕𝜈𝜈∞    
 
Figure 1. Geometry of Zero-Pressure Gradient Flat Plate 
The computed results for skin-friction coefficient 𝐶𝐶𝑓𝑓for SST and LAGSST models are 
compared to the experimental data of Wieghardt and Tillman (Wieghardt & Tillmann, 1951) in 
the Figure 2. From this figure, it can be easily seen that both LAGSST and SST model can 
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achieve an accurate prediction for skin-friction coefficient for this case. However, the original k 
– ω SST model gives a slightly better result. 
 
Figure 2. Comparison of Skin-Coefficient on Flat Plate 
3.2.2 Flow in a 2D Channel at Various Reynolds Numbers 
Fully developed channel flow is also a widely used test case in evaluating the 
performance of turbulence models. For channel flow, three Reynolds numbers of 182, 1000 and 
2000 are employed to evaluate the performance of LAGSST model. Figures 3-6 show the 
comparison of computational results with the DNS data of Lee and Moser (Lee & Moser, 2015).  
Figures 3-6 show that both SST and LAGSST model have a good agreement with DNS 
data. But in the log layer, the LAGSST has slightly higher accuracy than the original SST model. 
Also, with the increase of friction Reynolds number, the LAGSST model performs better than 
SST model. 
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Figure 3. Comparison of velocity profile in log- layer for channel flow at Reτ=182 
 
Figure 4. Comparison of velocity profile in log layer for channel flow at Reτ = 1000 
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Figure 5. Comparison of velocity profile in log layer for channel flow at Reτ = 2000 
Another test case of very high Reynolds number channel flow (Re = 80million) with 
Mach number of 0.2 is employed to determine the relative accuracy of SST and LAGSST 
models. The velocity profile at 𝜕𝜕 = 500 based on channel height is shown in Figure 6. This 
figure shows that the velocity profile of LAGSST is similar to that of SST model. Also, the 
profiles of turbulent viscosity ratio (𝜇𝜇𝑡𝑡/𝜇𝜇) at 𝜕𝜕 = 500 in Figure 7 show that both two models can 
generate an excellent bow shaped plot. There are no “kinks” in the velocity profile at the center 
of the channel in Figure 6, which implies that both models can properly handle the sudden 
change in strain rate 𝑆𝑆 at the center line of the channel. 
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Figure 6. Comparison of velocity profiles in channel flow at Reh=80million 
 
Figure 7. Comparison of turbulent viscosity ratio in channel flow at Reh=80million. 
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3.2.3 Flow past a NASA 2D Hump 
Flow past a 2D hump is one of the most widely used test case listed on NASA TMR 
website to test the ability of a turbulent model to accurately predict the separation and 
reattachment in flow past a smooth body. The geometry and boundary conditions of the hump 
are shown in Figure 8 (2D NASA wall-mounted hump separated flow, 2018). The Mach number 
of the freestream is 0.1, and the Reynolds number is 929,000 based on hump chord length.  
For this case, the pressure distribution and the skin-friction coefficient on the surface of 
the hump are obtained from the computational results and are shown in Figure 9 and Figure 10, 
respectively. In the skin-friction 𝐶𝐶𝑓𝑓  plot, it can be noticed that both model have similar 
performance in predicting the evolution of flow before separation and both can predict the flow 
separation and reattachment at x/c = 0.6 and x/c = 1.0. However, after the reattachment point, the 
LAGSST model has significantly better performance compared to SST model. In the pressure 
coefficient 𝐶𝐶𝑝𝑝  plot, although both model under-predict the pressure coefficient before flow 
separation, the overall accuracy of LAGSST model is superior to SST model. 
Figure 8. Geometry and flow information for 2D hump 
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It can be concluded that LAGSST has overall better agreement with experimental data 
than the SST model. 
 
Figure 9. Comparison of skin-friction coefficient distribution on the surface of the hump 
 
Figure 10. Comparison of pressure coefficient distribution on the surface of the hump 
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3.2.4 Flow past a Backward-Facing Step 
The 2D backward-facing step is a classical validation case involving flow separation 
from NASA TMR website (2D Backward facing step, 2015). In this case, flow separation is 
induced by a turbulent boundary layer encountering a sudden back step. The height of the step is 
H=0.0127m and the Reynolds number Re based on the step height is 3.6 × 104 . The Mach 
number is 0.128 at the reference point (x/H=-4). The geometry and the boundary conditions are 
shown in Figure 11 below: 
 
Figure 11. Geometry and the flow information for flow over a backward-facing step 
In this case, the computational results for pressure coefficient 𝐶𝐶𝑝𝑝  and skin-friction 
coefficient 𝐶𝐶𝑓𝑓  using SST and LAGSST models are compared with the experimental data of 
Driver and Seegmiler (Driver & Seegmiller, 1985). It can be seen that LAGSST under-predicts 
the pressure coefficient at flow separation but gives a more accurate prediction of the flow 
reattachment compared to original SST model. In Figure 13, it can be seen that both models 
perform equally well in predicting the skin-friction coefficient. 
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Figure 12. Pressure distribution coefficient on the surface of the backward-facing step 
 
Figure 13. Skin-friction coefficient on the surface of the backward-facing step 
3.2.5 Flow past a Curved Backward-Facing Step 
The curved backward-facing step is a more complex flow separation case; it has been 
studied by Bentaleb et al. using LES (Bentaleb, Lardeau, & Leschziner, 2012). The Reynolds 
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number based on the step height H and inlet velocity Uin is 13,700.  The geometry of this case is 
shown in Figure 14: 
 
Figure 14. Geometry of the curved backward-facing step 
From Figure 15 for the pressure coefficient, it can be seen that although the introduction 
of lag equation in LAGSST model can result in under-prediction of pressure coefficient at flow 
separation point compared to the original SST model, it remarkably improves the performance 
for predicting the flow evolution after the separation point.  In skin-friction plot shown in Figure 
16, the advantage of Lag Equation is clear; it makes the result of LAGSST closer to the LES. 
 
Figure 15. Pressure coefficient distribution on the surface of the curved backward-facing step 
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Figure 16. Skin-friction coefficient on the surface of the curved backward-facing step 
3.2.6 Flow in an Asymmetric Plane Diffuser 
Figure 17 shows the geometry of the asymmetric plane diffuser. It is the geometry in 
Buice’s asymmetric diffuser study #1 (baseline) from NPARC Alliance CFD Verification and 
Validation Archive (Buice Diffuser, 2003). Based on Buice and Eaton’s work (Buice & Eaton, 
2000), the Reynolds number Re based on the width at the inflow is 20,000, and inlet Mach 
number Ma is 0.06.  
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Figure 17. Geometry of the asymmetric plane diffuser 
Figure 18 shows the skin-friction on the upper wall of the diffuser. It can be seen that 
LAGSST cannot accurately predict the skin-friction coefficient since it under-predicts the skin-
friction coefficient at reattachment point. Both SST model and LAGSST model cannot predict 
pressure coefficient accurately; however the SST model gives better agreement with the 
experimental data as shown in Figure 18. 
 
Figure 18. Skin-friction coefficient distribution along the upper wall of the asymmetric diffuser 
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Figure 19. Pressure coefficient distribution along the upper wall of the asymmetric diffuser 
Figure 20 and Figure 21 respectively show the pressure and skin-friction coefficients at 
the bottom wall. These figures show that SST and LAGSST agree well with the experimental 
data for skin-friction coefficient. However, both models cannot give a good prediction of 
pressure coefficient; but the result from SST model shows a better agreement with the 
experimental data. 
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Figure 20. Skin-friction coefficient distribution along the lower wall of the asymmetric diffuser 
 
Figure 21. Pressure coefficient distribution along the lower wall of the asymmetric diffuser 
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3.2.7 Flow past a Periodic Hill 
Flow past a periodic hill has a complex flow field with small region of separation as 
shown in Figure 22. The hill has a height h = 28mm and the Reynolds number based on hill 
height h is 10,595. Detailed information can be found on NASA TMR website (2D Periodic Hill, 
2018). In Figures 23 and 24, pressure and skin-friction coefficients from LAGSST model are 
compared to the original SST model and the LES results from Frohlich et al. (Frohlich, Mellen, 
Rodi, & Temmerman, 2005)  
 
Figure 22. Geometry of the periodic hill 
It is obvious that LAGSST model has better agreement with the LES results at the bottom 
wall skin-friction coefficient compared to the original SST model. However, the LAGSST model 
over-predicts the pressure coefficient at both the bottom and top wall, where SST model gives a 
more satisfactory result. Figure 25 shows the pressure coefficient distribution on upper wall of 
the periodic hill; the SST model gives results more closer to LES results. 
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Figure 23. Comparison of skin-friction coefficient distribution on the surface of the periodic hill 
 
Figure 24. Comparison of pressure coefficient distribution on the surface of the periodic hill 
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Figure 25. Comparison of pressure coefficient distribution along the top wall of the periodic hill 
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Chapter 4: The Elliptic Blending Lag Wall-
Distance-Free 𝒌𝒌 − 𝝎𝝎 SST Model  
4.1   Introduction 
Wall distance, the distance between the first grid point to the nearest wall, is an important 
parameter found in most turbulence models. With decades of research in turbulence modeling, it 
has been realized that the existence of a wall distance parameter increases the computational 
workload in nonstationary time-dependent grids because it requires recalculation of the wall 
distance at every time step. Also, Rahman et al (Rahman, Vuorinen, Taghinia, & Larmi, 2019) 
have mentioned that it is difficult to accurately simulate the complex flow with multiple surfaces 
since the wall distance becomes harder to define. 
Rahman et al (Rahman, Vuorinen, Taghinia, & Larmi, 2019) proposed an algebraic 
method to replace the explicit dependence on wall distance in a turbulence model with a local 
wall distance representation (Goldberg & Batten, 2015). However, after simulating several 
standard benchmark test cases, the computational results showed that the modified wall-distance-
free (WDF) 𝑘𝑘 − 𝜔𝜔 SST model exhibits less accuracy than the original Menter’s SST model in 
some complex flow cases. Although the wall-distance-free model has advantages in several flow 
cases, its poor accuracy in some applications may limit its wide use. 
In this chapter, the elliptic blending lag equation is developed for the modified wall-
distance-free 𝑘𝑘 − 𝜔𝜔 SST model in order to improve its performance in complex cases. The newly 
derived model (LAGWDF) is tested for several benchmark cases from NASA Turbulence 
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Modeling Resource (TMR) website e.g. 2D zero pressure gradient flat plate flow, 2D wall-
mounted hump flow with small region of separation etc. The results show that the LAGWDF 
model has a significantly better performance than the WDF 𝑘𝑘 − 𝜔𝜔 SST model. 
4.2   The Wall-Distance-Free Elliptic Blending Lag 𝒌𝒌 − 𝝎𝝎        
SST Model 
There are several researchers who have proposed different versions of wall-distance-free 
formulations for 𝑘𝑘 − 𝜔𝜔 SST model. In this thesis, the wall-distance-free (WDF) model is based 
on the work of Goldberg and Batter (Goldberg & Batten, 2015). Their method uses a local 
representation to cancel the wall distance parameter. Since the transport equations for 𝑘𝑘 − 𝜔𝜔 SST 
model do not have the explicit wall distance parameter, one can easily achieve the switch from 
the original model to a wall-distance-free (WDF) 𝑘𝑘 − 𝜔𝜔  SST model without needing many 
modification.  
WDF 𝑘𝑘 − 𝜔𝜔 SST model with lag equation is described below: 
𝐹𝐹1 = tanh(𝜉𝜉4) , 𝜉𝜉 = 𝑚𝑚𝑚𝑚𝑡𝑡 �𝑚𝑚𝑎𝑎𝜕𝜕 � √𝑘𝑘𝐶𝐶𝜇𝜇𝜔𝜔𝐿𝐿𝑡𝑡 , 500𝜈𝜈𝜔𝜔𝐿𝐿𝑡𝑡2 � , 4𝜎𝜎𝜔𝜔2𝑘𝑘𝐶𝐶𝐷𝐷𝜔𝜔𝐿𝐿𝑡𝑡2�  
𝐹𝐹2 = 𝜕𝜕𝑎𝑎𝑡𝑡ℎ ��𝑚𝑚𝑎𝑎𝜕𝜕 � 𝐶𝐶√𝑘𝑘𝐶𝐶𝜇𝜇𝜔𝜔𝐿𝐿𝑡𝑡 , 500𝜐𝜐𝜔𝜔𝐿𝐿𝑡𝑡 ��2� 
where 𝐶𝐶𝜇𝜇 = 𝛽𝛽∗  and 𝐶𝐶 = 0.54. The turbulent length-scale 𝐿𝐿𝑡𝑡  in the above equations is 
given by: 
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𝐿𝐿𝑡𝑡 = 𝐶𝐶𝜇𝜇3/4𝜅𝜅 𝑚𝑚𝑎𝑎𝜕𝜕 � √𝑘𝑘𝐶𝐶𝜇𝜇𝜔𝜔 ,� 2𝜐𝜐𝐶𝐶𝜇𝜇𝜔𝜔� 
The lag equations can be written as: 
             𝐷𝐷𝜑𝜑∗
𝐷𝐷𝜕𝜕
= −(1 − 𝛼𝛼3)𝐶𝐶𝑘𝑘∗ 𝜑𝜑∗𝛽𝛽∗𝜔𝜔 − 𝛼𝛼3 �?̅?𝐶1 + 𝐶𝐶1∗ 𝑃𝑃𝛽𝛽∗𝜔𝜔𝑘𝑘�𝜑𝜑∗𝑅𝑅1𝜔𝜔 − 𝐶𝐶𝑝𝑝1 𝑃𝑃𝑘𝑘 𝜑𝜑∗ + 𝛼𝛼3𝐶𝐶𝑝𝑝2𝜑𝜑∗𝑆𝑆
+ 𝛼𝛼3𝐶𝐶𝑝𝑝3 𝑅𝑅2𝜔𝜔𝜑𝜑ℎ + 𝛼𝛼3 𝛽𝛽∗𝜔𝜔𝜑𝜑ℎ 𝜏𝜏𝑠𝑠2�𝐶𝐶4∗𝑎𝑎𝑖𝑖𝑘𝑘𝑆𝑆𝑘𝑘𝑗𝑗 − 𝐶𝐶5∗𝑎𝑎𝑖𝑖𝑘𝑘𝑊𝑊𝑘𝑘𝑗𝑗�𝑆𝑆𝑖𝑖𝑗𝑗 
                                                             + 𝜕𝜕
𝜕𝜕𝜕𝜕𝑗𝑗
��𝜈𝜈 + 𝜈𝜈𝑡𝑡
𝜎𝜎𝜔𝜔
�
𝜕𝜕𝜔𝜔
𝜕𝜕𝜕𝜕𝑗𝑗
�                                                                    (4.1) 
where the 𝑎𝑎𝑖𝑖𝑗𝑗 is given as: 
𝑎𝑎𝑖𝑖𝑗𝑗 = −2 𝜈𝜈𝑡𝑡𝑘𝑘 �𝑆𝑆𝑖𝑖𝑗𝑗 + 𝛽𝛽2 2�𝑆𝑆𝑖𝑖𝑘𝑘𝑊𝑊𝑘𝑘𝑗𝑗 −𝑊𝑊𝑖𝑖𝑘𝑘𝑆𝑆𝑘𝑘𝑗𝑗�|(𝑆𝑆𝑘𝑘𝑘𝑘 + 𝑊𝑊𝑘𝑘𝑘𝑘)(𝑆𝑆𝑘𝑘𝑘𝑘 + 𝑊𝑊𝑘𝑘𝑘𝑘)|�  
The ellipticity is introduced into the lag equation by defining 𝛼𝛼 as: 
                                                                                  𝛼𝛼 − 𝐿𝐿2∇2𝛼𝛼 = 1                                                           (4.2) 
where turbulence length scale term L is given by: 
𝐿𝐿2 = 𝐶𝐶𝐿𝐿2 � 𝑘𝑘3(𝛽𝛽∗𝜔𝜔𝑘𝑘)2 + 𝐶𝐶𝜂𝜂2� 𝜈𝜈3𝛽𝛽∗𝜔𝜔𝑘𝑘�  
Other terms are defined as: 
𝐶𝐶𝑝𝑝3 = 1.7, 𝑚𝑚𝑓𝑓 𝛼𝛼𝜂𝜂 < 10 = 0.64， 𝑜𝑜𝜕𝜕ℎ𝑅𝑅𝑎𝑎𝑒𝑒𝑚𝑚𝑒𝑒𝑅𝑅 
𝜏𝜏𝑠𝑠
2 = 0,   𝑚𝑚𝑓𝑓|𝑆𝑆|2 < 10−8 
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= 1|𝑆𝑆|2 ,   𝑜𝑜𝜕𝜕ℎ𝑅𝑅𝑎𝑎𝑒𝑒𝑚𝑚𝑒𝑒𝑅𝑅 
𝛽𝛽2 = 2 − 2𝐶𝐶5𝐶𝐶1 + 𝐶𝐶1∗ + 1 
The turbulence eddy viscosity equation in 𝑘𝑘 − 𝜔𝜔 SST model is changed to: 
                                                 𝜈𝜈𝑡𝑡 = 𝑎𝑎1𝑘𝑘max(𝜑𝜑∗𝑎𝑎1𝜔𝜔, Ω𝐹𝐹2)                                                                          (4.3) 
The model constants are: 
𝛽𝛽∗ = 0.09    𝜎𝜎𝑘𝑘 = 2  𝛽𝛽 = 0.075  
𝜎𝜎𝜔𝜔 = 2  𝐶𝐶𝑊𝑊∗ = 0.05  𝐶𝐶1� = 1.6 
𝐶𝐶1
∗ = 0.9  𝐶𝐶𝑝𝑝1 = 0.12  𝐶𝐶𝑝𝑝2 = 0.46 
𝜑𝜑ℎ = 0.41  𝐶𝐶4∗ = 3.41  𝐶𝐶5∗ = 7.27 
𝜎𝜎𝜑𝜑 = 1 𝐶𝐶𝐿𝐿 = 0.164  𝐶𝐶𝜂𝜂 = 75 
𝐶𝐶1 = 1.7  𝐶𝐶5 = 0.2  𝑅𝑅1 = 0.027 𝑅𝑅2 = 0.18 
 
4.3   Validation Cases 
The Wall-Distance-Free Elliptic Blending Lag 𝑘𝑘 − 𝜔𝜔  SST (LAGWDF) model is 
validated by computing several benchmark test cases from NASA TMR website (NASA 
Langeley Research Center Turbulence Modeling Resource, 2020), including flow past a flat 
plate, flow in a 2D channel for different friction Reynolds number, flow over a backward facing 
step, flow past a curved step, flow in an asymmetric diffuser and flow over a periodic hill. The 
computed results are compared with computations using the original Menter’s 𝑘𝑘 − 𝜔𝜔 SST model, 
wall-distance-free 𝑘𝑘 − 𝜔𝜔 SST (WDF) model and experimental data. 
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4.3.1 Zero Pressure Gradient Boundary-Layer Flow past a Flat Plate 
Flow past a zero-pressure gradient flat plate is the most common test case to validate the 
accuracy and performance of turbulence models. Figure 26 shows the geometry and the 
boundary conditions from NASA TMR (2D Zero pressure gradient flat plate, 2019). The Mach 
number for this case at inlet is 0.2 and the Reynolds number 𝑅𝑅𝑅𝑅𝜕𝜕 = 5 million when  𝜕𝜕 = 1 and 
the Reynolds number in x direction is given by following equation: 
𝑅𝑅𝑅𝑅𝜕𝜕 = 𝑈𝑈∞𝜕𝜕𝜈𝜈∞    
 
Figure 26. Geometry of Flow past a Zero-Pressure Gradient Flat Plate 
The computed results for skin-friction coefficient 𝐶𝐶𝑓𝑓  using SST, WDF and LAGWDF 
models are compared to the experimental data of Wieghardt and Tillman (Wieghardt & 
Tillmann, 1951) in Figure 27. In this figure, it can be easily seen that all three models give high-
accuracy predictions for skin-friction coefficient.  
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Figure 27. Comparison of Skin-Coefficient on Flat Plate 
4.3.2 Flow in a 2D Channel at Various Reynolds Numbers 
Fully developed channel flow is also a widely used test case in evaluating the 
performance of turbulence models. For channel flow, three friction Reynolds numbers of 182, 
1000 and 2000 are used to compare the performance of various versions of SST model. Figures 
28-30 show the comparison of computational results from various models with the DNS data of 
Lee and Moser (Lee & Moser, 2015).  
Figures 28-30 show that all three models can provide good agreements with DNS data. 
But in the log layer, the LAGWDF model can achieve slightly higher accuracy than the original 
𝑘𝑘 − 𝜔𝜔 SST model. Also, with increase of friction Reynolds number, the LAGWDF model is 
obviously more accurate than SST and WDF models. The original SST and WDF models are 
equally accurate. This test case provides convincing evidence that the introduction of lag 
equation to Wall-Distance-Free model can improve the performance of a turbulence model. 
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Figure 28. Comparison of velocity profile in log layer for channel flow at Reτ=182 
 
Figure 29. Comparison of velocity profile in log layer for channel flow at Reτ = 1000 
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Figure 30. Comparison of velocity profile in log layer for channel flow at Reτ = 2000 
Another test case is the very high Reynolds number channel flow (Re = 80million) with 
upstream Mach number of 0.2. The velocity profile at 𝜕𝜕 = 500 was computed as shown in 
Figure 31. It shows that the velocity profile obtained with LAGWDF is significantly better than 
that obtained with WDF model. The WDF model cannot predict the velocity profile at all, but 
SST and LAGWDF can give good results. Also, the profile for turbulent eddy viscosity ratio 
(𝜇𝜇𝑡𝑡/𝜇𝜇) is obtained at 𝜕𝜕 = 500 as shown in Figure 32. Figure 32 shows that the introduction of 
lag equation is beneficial to improve the accuracy of the WDF model. The original WDF model 
gives completely wrong result for the velocity profile as well as the turbulent viscosity ratio; 
however, it could give an excellent result with the lag equation. In this case, lag equation is able 
to correct the large computational error in the original WDF model. 
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Figure 31. Comparison of velocity profiles in channel flow at Reh=80million 
 
 
Figure 32. Comparison of turbulent viscosity ratio in channel flow at Reh=80million 
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4.3.3 Flow past a NASA 2D Hump 
Flow past 2D hump is one of the most widely used test case listed on NASA TMR 
website to test the ability of a turbulence model to accurately predict the separation and 
reattachment in flow past a smooth body. The geometry and boundary conditions of the hump 
are shown in Figure 33 (2D NASA wall-mounted hump separated flow, 2018). The Mach 
number of the freestream is 0.1, and Reynolds number based on hump chord length is 929,000. 
 
Figure 33. Geometry and flow information for 2D hump 
For this case, the pressure distribution and the skin-friction coefficient on the surface of 
the hump are obtained from the computational results and are shown in Figure 34 and Figure 35 
respectively. In the skin-friction 𝐶𝐶𝑓𝑓  plot, it can be noticed that the WDF model has the least 
accurate results since it gives the wrong location of reattachment point and under-predicts the 
magnitude of the skin-friction coefficient. However, with the introduction of the lag equation, the 
LAGWDF can give excellent result. It can predict accurately the flow separation and 
reattachment point, as well as the magnitude of the skin-friction coefficient. For the pressure 
coefficient 𝐶𝐶𝑝𝑝 plot in Figure 35, it can be seen that the LAGWDF gives the best agreement with 
the experimental data, and the WDF model has the largest error.  
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It can therefore be concluded that lag equation improves the accuracy of the WDF model 
substantially.  
 
Figure 34. Comparison of skin-friction coefficient distribution on the surface of the hump 
 
Figure 35. Comparison of pressure coefficient distribution on the surface of the hump 
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4.3.4 Flow past a Backward-Facing Step 
The 2D backward-facing step is a classical validation case involving flow separation 
from NASA TMR website (2D Backward facing step, 2015). In this case, flow separation is 
induced by a turbulent boundary layer encountering a sudden back step. The height of the step is 
H=0.0127m and the Reynolds number Re based on the step height is 3.6 × 104 . The Mach 
number is 0.128 at the reference point (x/H=-4). The geometry and the boundary conditions are 
shown in the Figure 36: 
 
Figure 36. Geometry and the flow information for the backward-facing step  
In this case, the computational results for pressure coefficient 𝐶𝐶𝑝𝑝  and skin-friction 
coefficient 𝐶𝐶𝑓𝑓 using SST, WDF and LAGWDF models are compared with the experimental data 
of Driver and Seegmiler. It can be seen that the WDF model gives unstable and totally inaccurate 
results for both skin-friction and pressure coefficient. The lag equation is helpful, and it makes 
the WDF model generate a stable and accurate result. Additionally, it is found that the 
introduction of lag equation can make the WDF model give a more accurate prediction of 
pressure coefficient at the flow reattachment point, which implies that the LAGWDF has a better 
overall performance. 
 42 
 
 
Figure 37. Pressure distribution coefficient on the surface of the backward-facing step 
 
 
Figure 38. Skin-friction coefficient on the surface of the backward-facing step 
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4.3.5 Flow past a Curved Backward-Facing Step 
The curved backward-facing step is a more complex flow separation case; it has been 
studied by Bentaleb et al. using LES (Bentaleb, Lardeau, & Leschziner, 2012). The Reynolds 
number based on the step height H and inlet velocity Uin is 13,700.  The geometry of this case is 
shown in Figure 39: 
 
Figure 39. Geometry of the curved backward-facing step 
From Figure 40, for the pressure coefficient, it can be seen that the wall-distance-free 
(WDF) formulation has poor performance compared to the original SST model. The WDF model 
gives the worst prediction of the flow separation and reattachment points, as well as of the 
magnitude of the pressure and skin-friction coefficient. However, the LAGWDF model gives the 
best results. It agrees well with the LES data and has the best overall performance. The only 
shortcoming of the LAGWDF model is that it under-predicts the magnitude of pressure 
coefficient and over-predicts the magnitude of skin-friction coefficient at separation point. 
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Figure 40. Pressure coefficient distribution on the surface of the curved backward-facing step 
 
Figure 41. Skin-friction coefficient on the surface of the curved backward-facing step 
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4.3.6 Flow in an Asymmetric Plane Diffuser 
Figure 42 shows the computational geometry of the asymmetric plane diffuser. It is the 
geometry of Buice’s asymmetric diffuser study #1 (baseline) from NPARC Alliance CFD 
Verification and Validation Archive (Buice Diffuser, 2003). Based on Buice and Eaton’s work 
(Buice & Eaton, 2000), the Reynolds number Re based on the height of the inflow is 20,000, and 
inlet Mach number is 0.06.  
 
Figure 42. Geometry of the asymmetric plane diffuser 
Figure 43 shows the skin-friction on the upper wall of the diffuser. It can be seen that 
LAGWDF model cannot predict skin-friction coefficient as well as the SST and WDF model 
since LAGWDF model under-predicts the skin-friction coefficient at reattachment point. 
Although all three models cannot give reasonably good results for upper wall pressure 
coefficient distribution, SST model and WDF model are relatively closer to the experimental 
data. As for the lower wall, in Figures 45 and 46, it can be seen that all three models have similar 
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performance for skin-friction coefficient distribution, but none of them is good at prediction of 
pressure coefficient distribution.  
 
Figure 43. Skin-friction coefficient distribution along the upper wall of the asymmetric diffuser 
 
Figure 44. Pressure coefficient distribution along the upper wall of the asymmetric diffuser 
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Figure 45. Skin-friction coefficient distribution along the lower wall of the asymmetric diffuser 
 
Figure 46. Pressure coefficient distribution along the lower wall of the asymmetric diffuser 
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4.3.7 Flow past a Periodic Hill 
Flow past a periodic hill has a complex flow field with small regions of separation as 
shown in Figure 47. The hill has a height h = 28mm and the Reynolds number based on hill 
height h is 10,595. Detailed information can be found on NASA TMR website (2D Periodic Hill, 
2018). In Figures 48 and 49, pressure and skin-friction coefficients from LAGWDF model are 
compared to the original SST model, WDF model and the LES results from Frohlich et al 
(Frohlich, Mellen, Rodi, & Temmerman, 2005).  
 
Figure 47. Geometry of the periodic hill 
It is obvious that LAGWDF model has better agreement with the LES results at the 
bottom wall for skin-friction coefficient compared to the SST and WDF model. However, the 
LAGWDF over-predicts the pressure distribution coefficient at both the bottom and the top wall. 
The WDF model has the best results for pressure coefficient plot. Figure 50 shows the pressure 
coefficient distribution along the top wall of the periodic hill. It is clear that the WDF model 
shows the closest agreement with LES data. 
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Figure 48. Comparison of skin-friction coefficient distribution on the surface of the periodic hill 
 
Figure 49. Pressure coefficient distribution on the surface of the periodic hill 
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Figure 50. The pressure coefficient distribution along the top wall of the periodic hill 
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Chapter 5: Summary 
5.1 The Elliptic Blending Lag 𝒌𝒌 − 𝝎𝝎 SST Model 
In this thesis, elliptic blending lag equation originally derived from the 𝑘𝑘 − 𝜔𝜔 model has 
been applied to the 𝑘𝑘 − 𝜔𝜔 SST model and has been validated on several benchmark test cases 
from NASA TMR website. The results from several test cases show that the elliptic blending 
𝑘𝑘 − 𝜔𝜔 SST model with lag equation has significantly better performance and accuracy compared 
to the original Menter’s 𝑘𝑘 − 𝜔𝜔  SST model. The computational results provide a convincing 
evidence of the limitation of Boussinesq’s approximation for eddy viscosity and show that an 
additional transport equation (lag equation) can be employed to correct the overestimation of 
turbulent kinetic energy production term to improve the prediction capacity. However, the 
introduction of new transport equation requires extra computational effort and time. On the 
average, the lag 𝑘𝑘 − 𝜔𝜔 SST model requires double the time required by the original 𝑘𝑘 − 𝜔𝜔 SST 
model for computing a test case. Due to the excellent accuracy of lag equation-based 𝑘𝑘 − 𝜔𝜔 SST 
model, it is worthwhile to consider this tradeoff between accuracy and efficiency. As a next step, 
one should try to look for a simplified lag equation which can achieve an outstanding 
performance with high efficiency.  
5.2 The Wall-Distance-Free Elliptic Blending Lag 𝒌𝒌 − 𝝎𝝎 SST 
Model 
Wall-distance-free turbulence model has the advantages that it does not require the 
calculation of the first grid point from the wall; therefore it can treat the complex geometry with 
curvature and unstructured grids more accurately. However, the results reported in this thesis for 
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several test cases show that in several cases, the wall-distance-free (WDF) 𝑘𝑘 − 𝜔𝜔 SST model 
exhibits a poor performance. The combination of lag equation with wall-distance-free SST 
model can successfully improve the prediction capability of the wall-distance-free 𝑘𝑘 − 𝜔𝜔 SST 
model and it can provide the accurate and stable results in almost all cases for which the original 
wall-distance-free (WDF) 𝑘𝑘 − 𝜔𝜔 SST model cannot give stable and accurate results. Based on 
the current results on benchmark test cases reported on this thesis, it can be concluded that the 
elliptic blending lag wall-distance-free 𝑘𝑘 − 𝜔𝜔 SST model has good potential and it is worthwhile 
to do more in depth investigation of this model by computing more complex test cases.  
  
 53 
 
References 
(2020). Retrieved from NASA Langeley Research Center Turbulence Modeling Resource:             
https://turbmodels.larc.nasa.gov 
2D Backward facing step. (2015). Retrieved from NASA Langley Research Centerr Turbulence 
Modeling Resource: https://turbmodels.larc.nasa.gov/backstep_val.html 
2D NASA wall-mounted hump separated flow. (2018). Retrieved from NASA Langeley Research 
Center Turbulence Modeling Resource: 
https://turbmodels.larc.nasa.gov/nasahump_val.html 
2D Periodic Hill. (2018). Retrieved from NASA Langley Research Centerr Turbulence 
Modeling Resource: 
https://turbmodels.larc.nasa.gov/Other_LES_Data/2dhill_periodic.html 
2D Zero pressure gradient flat plate. (2019). Retrieved from NASA Langley Research Centerr 
Turbulence Modeling Resource: https://turbmodels.larc.nasa.gov/flatplate.html 
Bentaleb, Y., Lardeau, S., & Leschziner, M. A. (2012). Large-Eddy Simulation of Turbulent 
Boundary Layer Separation from a Rounded Step. Journal of Turbulence, 13(4): 1-28. 
Biswas, R., Durbin, P. A., & Medic, G. (2019). Development of an Elliptic Blending Lag k - 
omega Model. International Journal of Heat and Fluid Flow, 74: 26-39. 
Buice Diffuser. (2003). Retrieved from NPARC Alliance Validation Archive: 
https://www.grc.nasa.gov/WWW/wind/valid/buice/buice.html 
Buice, C., & Eaton, J. (2000). Experimental Investigation of Flow Through an Asymmetric Plane 
Diffuser. Journal of Fluids Engineering, 122(2): 433-435. 
 54 
 
Driver, D. M., & Seegmiller, H. L. (1985). Features of Reattaching Turbulent Shear Layer in 
Divergent Channel Flow. AIAA Journal, 23(2): 163-171. 
Frohlich, J., Mellen, C. P., Rodi, W., & Temmerman, L. (2005). Highly Resolved Large-Eddy 
Simulation of Separated Flow in a Channel With Streamwise Periodic Constrictions. 
Journal of Fluid Mechanics, 526: 19-66. 
Goldberg, U. C., & Batten, P. (2015). A Wall-Distance-Free Version of the SST Turbulence 
Model. Engineering Applications of Computational Fluid Mechanics, 9(1): 33-40. 
Lardeau, S., & Billard, F. (2016). Development of an Elliptic-Blending Lag Model for Industrial 
Applications. 54th AIAA Aerospace Sciences Meeting. AIAA 2016-1600. San Diego, 
California, USA. 
Lee, M., & Moser, R. D. (2015). Direct Numerical Simulation of Turbulent Channel Flow Up to 
Re_tao=5200. Journal of Fluid Mechanics, 774: 395-415. 
Menter, F. R. (1994). Two-Equation Eddy-Viscosity Turbulence Models for Engineering 
Applications. AIAA Journal, 32(8): 1598-1605. 
Rahman, M., Vuorinen, V., Taghinia, J., & Larmi, M. (2019). Wall-Distance-Free Formulation 
for SST k-omega Model. European Journal of Mechanics - B/Fluids, 9: 71-82. 
Revell, A. J., Craft, T. J., & Laurence, D. R. (2010). Turbulence Modelling of Unsteady 
Turbulent Flows Using the Stress Strain Lag Model. Flow, Turbulence and Comubustion, 
86(1): 129-151. 
Smagorinsky, J. (1963). General Circulation Experiments with the Primitive Equations. Monthly 
Weather Review, 91(3): 99-163. 
Wieghardt, K., & Tillmann, W. (1951). On the Turbulent Friction Layer for Rising Pressure. 
Washington: NASA Advisory Committee for Aeronautics, DC NACA-TM-1314. 
 55 
 
Wray, T., & Agarwal, R. (2015). A New Low Reynolds Number One Equation Turbulence 
Model Based on a k-omega Closure. AIAA Journal, 53(8): 2216-2227. 
 
  
  
 56 
 
Curriculum Vita 
Wenjie Shang 
Degrees M.S. in Mechanical Engineering, Washington University in St. Louis, St. Louis, 
Missouri, USA                         May 2020      
 
B.S. in Mechanical Engineering, Taiyuan University of Technology, Taiyuan, 
Shanxi, China                                                            Jun 2018 
 
    
Publications: 
 
1. Shang, W., and Agarwal, R. K. “Development and Validation of an Elliptic 
Blending Lag SST k-ω Turbulence Model,” AIAA Aviation and Aeronautics 
Forum and Exposition, Reno, NV, 2020. 
 
